PRIMITIVE IDEALS, NON-RESTRICTED REPRESENTATIONS 

AND FINITE W 7 - ALGEBRAS 



ALEXANDER PREMET 

Abstract. Let G be a simple algebraic group over C and g — Lie G. Let (e, h, /) be 
an s^-triple in g and ( ■ , ■ ) the G-invariant bilinear form on g such that (e, /) = 1. 
Let x 6 £1* be such that xi x ) = ( e i x ) f° r all a; £ g and let H x denote the enveloping 
algebra of the Slodowy slice e + Ker ad /. Let 3 be a primitive ideal of the universal 
enveloping algebra U (g) whose associated variety is the closure of the coadjoint orbit 
X . We prove in this note that if 3 has rational infinitesimal character, then there 
is a finite dimensional irreducible i? x -module V such that 3 = AniWg) [Q x <Z>h x V) , 
where Q x is the generalised Gelfand-Graev g-module associated with the triple 
(e, h, /). In conjunction with well-known results of Barbasch and Vogan this implies 
that all finite VF-algebras possess finite dimensional irreducible representations. 



1. Introduction 

1.1. Let G be a simple, simply connected algebraic group over C. Let g = Lie(C7) 
and let (e, h, /) be an s^-triple in g. Let ( • , • ) be the G-invariant bilinear form on g 
with (e, /) = 1 and define x — Xe G S* by setting x( x ) = ( e 5 x ) f° r a ^ x e S- Denote 
by X the coadjoint G-orbit of x- 

Let S e = e + Ker ad / be the Slodowy slice at e through the adjoint orbit of e and 
let H x be the enveloping algebra of S e ; see [18, 11, 6]. Recall that H x = End (Q x ) op 
where Q x is the generalised Gelfand-Graev module for U(q) associated with the triple 
(e, h, f). The jj-module Q x is induced from a one- dimensional module C x over of a 
nilpotent subalgebra m of g such that dimm = | dim X . The subalgebra m is (ad /in- 
stable, all weights of ad/ionm are negative, and x vanishes on [m, m]. The action of 
m on C x = Cl x is given by x(l x ) = x(x)l x for all x G m; see [18, 11, 6, 20] for more 
detail. 

Denote by i x the stabiliser of x in (it coincides with the centraliser g e of e in g). 
By the s[ 2 -theory, all weights of ad/i on i x are nonnegative integers. Let xi, . . . ,x r 
be a basis of 3 X such that [h,xi\ = riiXi for some rii G Z + . By [18], to each basis 
vector Xi one can attach an element Q Xi G H x in such a way that the monomials 
Q l l®x 2 " " " ©X with i 2 , . . . , i r ) G form a basis of if x over C. The monomial 
9^6^ • • • @X is said to have Kazhdan degree Y^i=i a i( n i + 2)- For k > 0, we denote 
by the C-span of all monomials as above of Kazhdan degree < k. By [18, 4.6], we 
have HI, ■ Hi C if* +J for all i, j G Z+. Thus {H* I G Z + | is an increasing filtration 
of the algebra H x . The corresponding graded algebra grif x is a polynomial algebra in 
gr 0^, gr Q X2 , . . . , gr Q Xr , and it identifies naturally with the coordinate algebra C[S e ] 
endowed with its Slodowy grading. The Poisson bracket on C[S e ] = gri? x induced 
by multiplication in H x is determined by Gan-Ginzburg in [11]. 
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According to recent results of D'Andrea-De Concini-De Sole-Heluany-Kac [7] and 
De Sole-Kac [8], the algebra H x is isomorphic to the Zhu algebra of the vertex W- 
algebra associated with g and e. The latter algebra is, in turn, isomorphic to the finite 
W-algebra W &n (g, e) obtained from the Poisson algebra gr H x by BRST quantisation; 
see [8] for detail. Thus, H x = W &n (g,e) as predicted in [18, 1.10]. 

1.2. Let C x denote the category of all g-modules on which x — x( x ) ac ^ s locally 
nilpotently for every x G m. Given a g-module M we set 

Wh(M) := {m e M\ x.m = x( x ) m ^ x e m }- 

The algebra H x acts on Wh(M) via a canonical isomorphism H x = (U(g) /7V x ) adm 
where N x denotes the left ideal of the universal enveloping U(g) generated by all 
x — x( x ) with x G m. By Skryabin's theorem [21], the functors V -w Q x ®h x V 
and M -w Wh(M) are mutually inverse equivalences between the category of all 
i? x -modules and the category C x ; see also [11, Theorem 6.1]. Skryabin's equivalence 
implies that for any irreducible i^-module V the annihilator Annu( g )(Q x ®h x V) is a 
primitive ideal of U(g). By the Irreducibility Theorem, the associated variety VA(I) 
of any primitive ideal / of U(g) is the closure of a nilpotent orbit in g*; see [12] and 
references therein. 

Given a finitely generated £/(g)-module M we denote by Dim(M) the Gelfand- 
Kirillov dimension of M. By [20, Theorem 3.1], for any irreducible if x -module V the 
associated variety of Ann C /( g )(Q x <8># V) contains O x , and if dimV < oo, then 

VA(Ann u(s) (Q x ® Hx V)) = X and Dim(g x V) = - dim O x . 

In particular, if the if x -module V is finite dimensional, then the simple U (g)-module 
Qx ®h x V is holonomic. It was conjectured in [20, 3.4] that for any primitive ideal J 
of U(g) with VA(3) = O x there exists a finite dimensional irreducible i/ x -module V 
such that J = Ania u ^(Q x ® Hx V). In [20, 5.6], this conjecture was proved under the 
assumption that e belongs to the minimal nilpotent orbit of g. 

Let f) be a Cartan subalgebra of g, and $ the root system of g relative to f). Let 
II = {ai, . . . , ae} be a basis of simple roots in <3> with the elements in II numbered as 
in [5], and <3> + the positive system of <3> relative to II. Let p — \ X] ae $+ a an d let W be 
the Weyl group of $. Given A G f)* we let L(X) denote the irreducible g-module with 
highest weight A. As usual, Z(g) denotes the centre of U(g). Standard properties 
of the Harish-Chandra homomorphism tp: Z(g) — > S(fy) ensure that the equality 
Z(g) n Ann l/(9 ) L(X') = Z(g) n Ann c/(0 ) L(A) holds if and only if A' + p = w(X + p) 
for some w G W. 

By Duflo's theorem [9, Theorem 1], for any primitive ideal J of U(g) there exists 
an irreducible highest weight module L(p) such that J = Ann^) L(p). Generically, 
the number of such p, G f)* equals the order of W, but there are instances when p is 
uniquely determined by J; this happens, for example, when 3 has finite codimension in 
U (g). Note that Z(g)(~)3 is a maximal ideal of Z(g) and z(p) = for all z G (p(Z(g)C)3). 
We say that J has rational infinitesimal character if (p, a v ) G Q for all a G $ (our 
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earlier remarks show that this is independent of the choice of //). Our main goal in 
this note is to prove the following 1 : 

Theorem 1.1. If 3 is a primitive ideal ofU(g) with rational infinitesimal character 
and with VA(3) = X , then J = Aimjj( g )(Q x <S>h x V) for some finite dimensional 
irreducible H x -module V . 

1.3. To prove Theorem 1.1 we work with a suitable localisation A = S~ x 7h of the ring 
of integers and consider natural A-forms Qa and La(^) of g and L(/i), respectively. 
We have to choose A very carefully; see Sect. 2. After making our selection we pick 
(p) G Spec A and consider the highest weight module L p (fi) := La{^) <S>a k over the 
restricted Lie algebra 0k = Qa ®a k, where Ik is the algebraic closure of ¥ p . 

Let Gk be the simply connected algebraic k-group with Lie(Gk) = 0k- If p ^> 0, 
then ( • , • ) induces a nondegenerate G k -invariant symmetric form on Q k and there is 
a natural bijection between the nilpotent G-orbits in q and the nilpotent Gk-orbits 
in 0k . Let Z p = (x p — x^ \ x G 0k), the p-centre of the universal enveloping algebra 
U(dk)- Given rj G g k we denote by k v = kl^ the 1-dimensional Z p -module such that 
(x p - x [p] )(l v ) = ri(xyi ri for all x G k , and we set U v (Q k ) := U(g k ) ®z v K, and 
L^(fx) := Lp(fi) ®z v K)- The associative algebra U v (g k ) is often referred to as the 
reduced enveloping algebra of 0t corresponding to rj. 

We show in (3.3) that for all p ^> the L^(0k)-module L^(fi) has dimension < 
Dp d ^ e \ where D = D(fi) is independent of p and d(e) = |dimO(x)- Let O k be 
the nilpotent G k -orbit in 0k corresponding to the G-orbit containing e. We prove 
in (3.5) that there is a linear function x = (e, • ) on k with e G O k such that the 
U x (g k )-modu\e L*(fi) is nonzero. Here (and only here) we use our assumption that 
the infinitesimal character of J is rational. Combining the Kac-Weisfeiler conjecture 
proved in [17] with the above results, we show in (3.6) that the algebra U x (Qk) has a 
simple module of dimension kp d ^ for some k < D = D(fi). On the other hand, it is 
established in [18] that U x (g k ) = Mat pd ( e ) (H^), where is a 'restricted' modular 
version of the finite IT-algebra H x = lT fin (0, e). We thus deduce that for p 3> the 
algebra has a simple module of dimension k < D = D(/j,). 

The algebra H x relates to in the same way as U(q) relates to the restricted 
enveloping algebra U^(g k ); in fact, when x = we have that H x = U(q) and H x ^ = 
U^(Qk). We use a PBW basis of H x similar to the one described in (1.1) to find a 
suitable A-form H x a in H x and show in (4.5) that is a homomorphic image of 
the k-algebra H Xjk := H x A ®a k. Next we introduce certain afline varieties y k of 
matrix representations of H x and use reduction modulo p together with some results 
mentioned above to prove that Vz(C) 7^ for some I < D; see (4.6). The definition of 

then implies that H x possesses an irreducible finite dimensional module V with the 
property that J C Ann u ^(Q x ®h x V). Since the primitive ideals Ann[/( g )(G; x ®h x V) 
and J have the same associated variety, a well-known result of Borho-Kraft [3] yields 
J = kxm U ( y y ) (Q x ®h x V). Theorem 1.1 follows. 

Corollary 1.1. All finite W -algebras W &n (g,e) possess finite dimensional irreducible 
representations. 

1 Recently I proved Theorem 1.1 for all primitive ideals 3 with VA(0) = O x thereby confirming 
[20, Conjecture 3.2] in full generality. This result will appear elsewhere. 
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To deduce this corollary from Theorem 1.1 we rely in a crucial way on well-known 
results of Barbasch-Vogan [1, 2]. It would be interesting to find an alternative proof. 

Corollary 1.2. Ifp ^> ; then for every linear function r\ on g^ the reduced enveloping 
algebra U v (Qk) has a simple module of dimension /p( dlmG k■ , ?)/ 2 where I < p. 

For p large, Corollary 1.2 provides a good upper bound for the minimal dimension of 
irreducible [/^(g^-modules and is the first result of its kind in the literature. It can 
be regarded as a first step towards verifying one of the main conjectures in the field 
which states, under mild assumptions on p, that the minimal dimension of irreducible 
C/ r? (5k)-modules always equals p( dimG k , '))/ 2 i 

The general case of Corollary 1.2 reduces quickly to the case where r] — (e, • ) for 
some nilpotent element e G 0t; see [18, 2.5] for more detail. In this special case the 
the corollary follows from part (2) of the proof of Corollary 4.1 and the fact that 
L^(fi) ^ for some £ G ■ 77; see Lemmas 3.1, 3.2 and Theorem 3.1. We stress that 
this argument also relies on the main results of [1, 2]. It would be very interesting to 
find a more direct argument. 

2. Admissible rings for highest weight modules 

2.1. In what follows Z + denotes the set of all nonnegative integers. Given a com- 
mutative Noetherian ring R we denote by dim R the Krull dimension of R. Given a 
collection C of regular functions on an algebraic variety X we let V(C) stand for the 
set of all common zeros of C in X. If £ is a Lie algebra over an integral domain A, 
which is free as an A- module, then we write U n (JL) for the ra-th component of the 
canonical filtration of the universal enveloping algebra U(Z>). By the PBW theorem, 
the corresponding graded A-algebra gr U (XL) is isomorphic to the symmetric algebra 
S(L) of the free A-module £. In particular, all modules U n {L)/U n -\{L) = S n (L) are 
free over A. 

Denote by 0(x) the adjoint orbit (AdG) ■ x of x G g and put d(x) := |dimO(a;). 
We shall often identify q with g* via the Killing isomorphism 0^0* which takes 
x G g to the linear function (x, ■) on g, where ( • , • ) is a multiple of the Killing form 
of g for which (e, /) = 1. 

Fix once and for all a primitive ideal J = Ann;y( ) L(fj,) such that /i(h a ) G Q for all 
a G $ and VA(3) = X . Write $ + = {71, . . . , 7at}, where iV is the number of positive 
roots, put Q := — $ + , and let g = nr © f) © n + be the corresponding triangular 
decomposition of g. Choose a Chevalley basis 

B = {e 7 I 7 G $} U {K I a G 11} 

in g and set 'B ± := {e a \ a G ±$ + }. Given a (unitary) subring A of C we denote by 
0,4 and the A-spans of 23 and C S> ± , respectively. Denote by U{$a) and U(n^) the 
A-lattices in U(g) and ^(n 1 * 1 ) generated as A-algebras by 25 and 23~, respectively. 

We call a subring A admissible if A = S~ X 7L where S is a finitely generated multi- 
plicative subset of Z containing denominators of all /J,(h a ) with a G II. Note that A 
is a Noetherian principal ideal domain, hence a Dedekind ring. Denote by tt(A) the 
set of all primes p G Z with pA 7^ A. As S is finitely generated, n(A) contains almost 
all primes in Z. 

The Killing form k of is Z-valued on g% and «(e, /) G Z \ {0} by the s^-theory. 

We always choose A such that re(e, /) is invertible in A. This will ensure that the 
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form ( • , • ) is A-valued on q a . We always choose A such that the determinant of the 
Gram matrix of ( • , • ) relative to the Chevalley basis H> and all bad primes of the root 
system <3> are invertible in A. 

2.2. Let M(fi) be the Verma module of highest weight fi, and let be a highest 
weight vector of weight fi in M(/z). Given a subring A of Q we denote by M A (/j.) 
the A-span of all e"J • • • e^v^ with a« G Z+. These vectors form a free basis of the 
A-module M A (jj), so that M A (fi) = £/(n^)t> — ^(^a) as ^4-modules. Because A is 
admissible, M A (n) is a g^-stable A-lattice in M(/i). 

Given an f)-module V we denote by X(V) the set of all weights of V relative to 
f) and write V u for the weight space of V corresponding to v G X(V). If E is an 
A-submodule of V, then we set E v := E fl K- By the PBW theorem, 

M,(/i) = M A (fi) u and 5(n^) = S(n A )„. 

!yGX(M(^)) 

All weight components of M/i(/i) and S(n A ) are free A-modules of finite rank. Denote 
by M max (/i) the unique maximal submodule of M(/i), so that = M( / u)/M max ( / u), 
and let v M denote the image of under the canonical homomorphism M(/j.) -» 
Put MX ax (/i) := M max (/i) n M a (/j) and define 

L A (//) := M A (fi)/MT x (v)- 

For n e Z + we define L n (/i) := U n (g)v^ = U n (n~)v^ and L A>n (ii) := U n (g A )v^ = 
U n (n A )Vfj,, and set 

grL(/x) = n > o L n (/i)/L„_i(/i) and gi L A {fi) = 0„> o L Atn (fj,)/L A , n -M 

(here L^i(fi) = and L j 4 _ 1 (/i) = by convention). Note that gr L(fi) and grL^(/x) 
are generated by = gr t> M as modules over 5(g) = gr£/(g) and .S^g^) = grU(g A ), 
respectively. We now define 

S := Ann 5(0) grL(/i) = Ann 5(£1 ) w M and J A := Ann s(£u) gr L(/x) = Ann 5(£u) ^. 

These are graded ideals of S(g) and S(g A ), respectively. We put 31 := S(g)/3 and 
^ := S{q a )/3a- It is worth remarking that £q(/z) and IRq are Q-forms in L(/i) and 
31, respectively. 

The zero locus of the ideal in g* = SpecmS'(g) is called the associated variety 
of the g- module L(fi) and denoted by V g L(fi). It follows from a theorem of Gabber 
that all irreducible components of the variety V g L(/i) have dimension d(e); see [15] 
for more detail. In particular, dim 31 = d(e). 

Suppose now that A is admissible. Since M max (/i) is the kernel of the Shapovalov 
form of M(/i), it is straightforward to see that M™ ax (/x) is a direct sum of its weight 
components M A ax (fj,) u and each weight component L A (fi) u = M A (fi) v / 'M A ax (/x) v of 
L A (ji) is finitely generated and torsion free as an A- module. Since A is a principal 
ideal domain, it follows that all L A (fi) u are free A- modules of finite rank; see [4, 
Ch. VII, Sect. 4.10]. 

By construction, 31 A = gr L A (fi) as graded A- modules. An element x G 31 A is 
said to be a torsion element if there is a nonzero a G A such that ax = 0. It is 
easy to see that the set 3V^ T of all torsion elements of 31 A is an ideal of 31 A . Since A 
is admissible, 3l A is a finitely generated Z-algebra, hence a commutative Noetherian 
ring. Therefore, the ideal $} A is a finitely generated 3l A -modvle. So there exists an 
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integer b such that bx = for all x G 3V£ r . It follows that 31 A ® A A[b x ] is torsion free 
over On the other hand, Sa^- 1 } — 3 ®a A^ 1 ] and 

= S , (fl A[6 -i ] )/aA [ 6-i] = (S(£u) ®a A[b~ 1 ])/(3A ®a ^[r 1 ]) = ^ ® A Alb' 1 ] 

by standard properties of localisation; see [4, Ch. II, 2.4]. Thus, the A [b" 1 } -module 
^-Aib- 1 ] — S T L A [ b -i^(fi) is torsion free. 

From now on we always assume that 31a is a torsion free A-module. This assump- 
tion is justified by the discussion above. 

2.3. Since A is a principal ideal domain and 31a = grL^(/x) is torsion free over A, 
all graded components 3l A ,n — L A,n{^) I 'L A,n-\{^) of 31a are free A-modules of finite 
rank. Moreover, rk A 3lA,n = dim c ft n = dime L„(/x)/L n _ 1 (/x) for all n. It follows that 
&q = 31a ®a Q is a Q-form of 31. Since ft = ft Q ®q C as algebras over C, it is 
immediate from [10, Corollary 13.7] that dim$Q = dim 31 = d(e). 

According to Noether Normalisation, there exist homogeneous, algebraically inde- 
pendent yi, . . . , yd G 3iq, where d = d(e), such that 31 is a finitely generated module 
over its graded polynomial subalgebra Q[yi, . . . , yd]] see [10, Theorem 13.3] (the ele- 
ments yi, ■ ■ ■ ,yd remain algebraically independent in 31 = 31q ®q C). Let v±, . . . , vr> 
be a generating set of the Q[yi, . . . , y^] -module 31q and let x±, . . . , x m i be a generating 
set of the A-algebra 31. Then 

v i ■ v i = Eil PiAvi, • • • , y<*H (! < *, i < £>) 

^ = Ef=i • • • , 2/d) u j (l<i<m') 

for some polynomials p* -, q i: j G Q[Xi, . . . , X d ]. Recall that 31 A contains a basis of 31q 
over Q. The coordinate vectors of the x^s, y^s and v^s relative to this basis and the 
coefficients of the polynomials qij and p k j involve only finitely many scalars in Q. 
Enlarging our multiplicative set S if need be we may assume that all yi and Vi are in 
31a and all p* ■ and q^j are in A[Xl, . . . , Xd]. Thus, we may assume that 

3i A = A[y 1: y d ]vi H h A[y u y d ]v D 

is a finitely generated module over the polynomial algebra A[y 1 , . . . , yd]. 

2.4. We let the Galois group T = Gal(C/Q) act on L(n) by semilinear automorphisms 
fixing all elements of the Q-form Lq(h). Note that T acts on U(g) as semilinear algebra 
automorphisms fixing all elements of the Q-form U(qq) of U(g). These two Galois 
actions are compatible, that is a(u.v) = u a .a(y) for all u G U(g), v G L(p) and 
a G T. Therefore, J CT = 3 for all o G T. Since T preserves the canonical filtration of 
U(g), each subspace 3 fl U n (g) is T-invariant. It follows that the graded ideal 

grJ = n > o {3nu n (g))/(3nu n ^(g)) cS( fl ) 

is T-stable. As a consequence, for every n G Z + the Q-subspace S n (go) fl grU is a 
Q-form of the graded component gr n J C S n (g). Since S'(fj) is Noetherian, the ideal 
grJ is generated over S(g) by its Q-subspace grdq^ := ( fc < n / S k (gq)) H grJ for 
some n' = n'(fi) G Z + . Using standard filtered-graded techniques it is now easy to 
derive that J is generated over U(g) by its Q-subspace Jq j71 / := £/„/(jJq) fl J. 

Since J is a two-sided ideal of all subspaces J fl U n (g) and gr ra J are invariant 

under the adjoint action of G on U(g). It follows that the Q-subspaces gr Jq 5 „/ and 
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Bq jT i' are stable under the adjoint action of the Kostant Z-form U% of U(g). Since 
h(Q := h fl £Jq is a split Cartan subalgebra of Qq, the adjoint gQ-modules gr 3q j71 / and 
3<Q, n ' decompose into a direct sum of absolutely irreducible gQ-modules with integral 
dominant highest weights. Consequently, these gQ-modules possess Z-forms invariant 
under the adjoint action of Ui] we call them gr J^ n / and Jz,n'- 

It is immediate from Weyl's theorem that the gQ-modules grjQ jn / and jQ )n / are 
isomorphic. Let {ipi \ i G /} be a homogeneous basis of the free Z-module gr 3i, n ' and 
let {ui \ i e 1} be any basis of the free Z-module Jz,n'- Expressing the Ui and ^ via 
the PBW bases of U (qq) and S(qq) associated with our Chevalley basis !B brings up 
only finitely many scalars in Q. Thus, no generality will be lost by assuming that all 
these scalars are in A. In other words, it can be assumed that all ipi are in S(qa) and 
all Ui are in U ($a)- 

2.5. Let K be an algebraically closed field whose characteristic is a good prime for 
the root system <3>. Let Qk = Qz ®z K and let Gk be the simple, simply connected 
algebraic fT-group with hyperalgebra Uk '■= U% ®% K. Let N(g) and J^{qk) denote 
the nilpotent cones of g and $k, respectively. It is well-known that there is a natural 
bijection between the G-orbits in N(g) and the G^-orbits in N(qk)- More precisely, 
combining [22, III, 4.29] with [19, Theorems 2.6 and 2.7] it is not hard to observe 
that there are nilpotent elements ei, . . . , e t G Q% such that 

(i) {ei, . . . , e t } is a set of representatives for N(g)/G; 

(ii) {ei ® 1, . . . , e t <g) 1} is a set of representatives for N^Qk) / 'G k] 

(iii) dim c (AdG)e; = dim K (ko\G K ){ei ® 1) for all i < t. 

No generality will be lost by assuming that e = for some k < t and 0(ej) C 0(e) 
for all i < k. 

For 1 < i < t we set Xi '■= ( e i> ' )• Since VA(J) is the zero locus of gr d and the ideal 
gr J is generated by the set {ipi \ i G /}, we have that 0(x) = V^grJ) = f] ieI V(ipi). 
It follows that the ipi vanish on all Xj with j < k. Since all ipi are in S(qa), all £j are 
in Qz, and the form ( • , • ) is A-valued, we also have that ipi(xj) A. We now impose 
our next assumption on A: all nonzero ipiiXj) are invertible in A. 

3. Highest weight modules and non-restricted representations 

3.1. In this section we assume that our admissible ring A = S~ x 7h for the g-module 
L(n) satisfies all the requirements highlighted in (2.1) -(2.5). We fix p G tt(A) and 
set Lp(fi) := La(^) <8u k where k is the algebraic closure of F p . Let := <g> 1, the 
image of t> M in L p (/x). Clearly, L p (fi) is a module over the Lie algebra g k = qa ®a Ik- 
Given x G 0,4 we denote by x the image of x in g k , that is x — x ® 1. It is immediate 
from our assumptions on A made in (2.1) that g^ is a simple Lie algebra with k-basis 
23 := {e 7 | 7 G $} U {h a | a G II}. Since the Lie algebra gt is simple and restricted, 
it carries a unique p-mapping x 1— > which has the property that ety = for all 
7 G $ and h [ % ] = h a for all a G II. 

The A-valued bilinear form ( • , • ) on qa gives rise to a k-bilinear form on g fc which, 
for ease of notation, shall be denoted by the same symbol. Our assumptions in (2.1) 
ensure that ( • , • ) is nondegenerate on g^. Let G k denote the simple, simply connected 
algebraic k-group with hyperalgebra U\ := U% ®z k. By construction, g k = Lie(G k ); 
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so the group G\ as on g k as Lie algebra automorphisms. It is well-known (and 
straightforward to see) that the form ( • , • ) is G k - invariant. We shall often identify 
the Gk modules g^ and g k by using this nondegenerate bilinear form. 

Now g k = n k © f) k © t*k , where n k := n ± ©a k and f) k := 1)a ©a k. Furthermore, 
is a weight vector for the torus fj^ of the restricted Lie algebra g^, the subalgebra n£ 
annihilates v^, and L p (fj,) = £/(%) • v^. We denote by Ji the ()k-weight of v^. Since 
n{h a ) G A for all a G LT and A ©^ k = F p , we have that fi(h a ) G F p for all a G II. 

Let Z p denote the p-centre of the universal enveloping algebra U(q^), the central 
subalgebra of U (gk) generated by all x p — x^ with x G gk- The PBW theorem implies 
that Z p is a polynomial algebra in with 7 G $ and h p a — /i a with a G II, and 
U (gt) is a free Z p -module of rank p dim s. Given a linear function £ on g^ we denote by 

the two-sided ideal of U(g^) generated by the central elements x p — x^ — £(x) p l, 
where x G Qt, and set U^(g^) := U(gk)/I^- The associative algebra ^(g^) is called 
the reduced enveloping algebra of g^ associated with £. The above remark shows that 
dim k f/ ? (g k ) =p dim9 - 

Every irreducible g^-module is a module over U^(q^) for precisely one £ = £y G g£. 
The linear function £ v is called the p-character of V; see [17] for more detail. 

3.2. For every maximal ideal J of Z p there exists a unique linear function 77 = r\j on 
gk such that J is generated by all x p — x^ — r](x) p l with x G gk, so that J = Z p n 
As the Frobenius map of k is bijective, this allows us to identify SpecmZ p with gj£. 

We now define J p (/i) := {z £ Z p \ z-v fl = 0}, an ideal of the p-centre Z p , and denote 
by Vp(n) the zero locus of I p (fi) in g£. Our remarks in (3.1) show that G / p (/u) for 
all 7 G $ + and h p a — h a E I p {^) for all a G II (it is important here that ft(h a ) G F p 
for all a G II). It follows that 

(1) VM c{ v eg* k I 77(b) = = 0}. 

Since the £/(gk)-module L p {jj) is generated by v^, we have that / p (/ii) = Ann^ p £ p (/x). 
Given 77 G g^ we set L^(fi) := L p (fi)/ ' l T] • L p (fi). By construction, £ p (/i) is a gt-module 
with p-character 77. 

Lemma 3.1. If r] G V p (/i) ; i/ien a nonzero U^Qt) -module. 



Proof. Suppose L^(fi) = for some 77 G V^,(/i), and set J v := Z p (~) I n . Then L p (yu) = 
• L p (/i) = J v • Lp(fi). It follows from our discussion in (3.1) that L p {ji) is a finitely 
generated Z p -module. By a version of Nakayama's lemma, this implies that there is 
z G J v such that 1 — z G Ann^ p L p (/i); see [10, Corollary 4.7] for example. On the 
other hand, Ann Zp L p (/i) = I p {^) Q ^/l p (fi) C because 77 G Vp(/i). But then both 
z and 1 — z are in J,,, a contradiction. □ 

Remark 3.1. It follows from (1) that every linear function £ G V^(/i) is nilpotent. 
More precisely, £ = (x, ■ ) for some x G n£. 

3.3. Set L Pi „(//) := t4(g k )^ and grL p (/j) := n > o L P:n (fx) / L Pin ^i(fx) , where n G 
Z + . Note that gr L p (fi) is a cyclic S^g^-module generated by t) m = gr 7) M . Also, 

Lp,n(fj) = U n (Q k )v^ = (U n (Q A )v^) ©a k = L A>n (ii) © A k. 
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We put dp ■= Ann 5(9k ) grL p ( / u) = Ann 5(0k) and ft p := S(g k )/3 P , and denote by 
V L p (/x) the zero locus of 3 P in SpecmS'(gk) = gj£. Since is a highest weight vector 
for h k © n^" , all linear functions from V fl L p (/x) vanish on f) k © n£. 

By our assumptions in (2.2) and (2.3), all La, u and all graded components ft^, n — 
L j 4 ri (/i)/L j4 ri _ 1 (/i) of ft^ are free A-modules of finite rank. From this it is immediate 
that ftp = ft^ ©a k as graded k-algebras. Comparing the Hilbert polynomials of ft = 
ft^iguC and ftp we now deduce that dimft p = dim ft = d(e); see [10, Corollary 13.7]. 
As a consequence, 

(2) dimt V B L p (fj) = dimft p = d(e). 

Recall that ft^ = A[y 1: . . . , y d ]vi + h A[y 1: . . . , yajvD, for some v 1 ,...,v D G ft^, 

where d = d(e) and A[y±, . . . , y d ] is a polynomial algebra over A contained in ft^; see 
our discussion in (2.3). We stress that D = D(fj) depends on /i, but not on p. 

Lemma 3.2. For every rj G k we have that dim^ LI 1 (fx) < Dp d ^ e K 

Proof. Suppose that yi has degree a^, where 1 < % < d, and Vk has degree where 
1 < k < D, and let $,4: S(qa) ft^ denote the canonical homomorphism. For 
1 < i < d (resp. 1 < A; < D) choose Ui G U ai (QA) (resp. u>fc G £/j fc (jJu)) such that 
$A(gr a . Wi) = (resp. $A(gr, fe w fe ) = Let tij (resp. denote the image of u { 
(resp. w k ) in £/(gk) = {/(fl^) ®a k- For each n G Z + the set 

{wkiil 1 ■ ■ ■ u l d d ■ Vf, I Z fc + ]Cj=i W < n 'i 1 < k < D} 
spans the A-module L An (fi). In view of our earlier remarks this implies that the set 
{wkul 1 ■ ■ ■ u 1 ^ ■ I k + Yfj=i h a j < n 'i 1 < k < D} 

spans the k-space L Pin (fj,). Since gr (v%) = (gr a .Wj) p is a p-th power in S'(gk), for 
every i < d there exists a G Z p fl ?7 ai (gk) such that -uf — ^ G C/ pai -i(0k)- 

We denote by L p (/i) the Zp-submodule of L p (/x) generated by all WkU 1 ^ ■ ■ -u d d ■ 
with < ij < p — 1 and 1 < k < D. Using the preceding remarks and induction 
on n we now obtain that L Pjn (fi) C L' p (fi) for all n G Z + . But then L p (/i) = L p (ii), 

implying that the image of {wkUi • • • u l d • | < ij < p — 1; 1 < < -D} in 
= L p (fj,)/I r) ■ Lp(yu) spans L^(/i) for every 77 G gj£. Since ci = ci(e), this yields 
dim k < Dp d ^ completing the proof. □ 

3.4. From now on we shall always assume that D\ is invertible in A. Then p > D 
for every p G ir(A). We shall identify gt with g^ by using the Gk-equivariant map 
x 1— > (x, •). Under this identification, we have that V p (fi) C n^"; see Remark 3.1. 
The p-centre Z p (n^) = Z p fl f(% ) of the enveloping algebra C/(n^ ) is isomorphic to 
the polynomial algebra k[e^ 7l . . . , e^. 7JV ], hence can be canonically identified with the 
subalgebra £(% ) p of all p-th powers in S'(n^). Thus, we can regard I p {^) fl Z p (n^) 
as an ideal of the graded polynomial algebra 5'(%) p = k[e^ 71 . . . , e?- lN \- It follows 
from our discussion in (3.2) and the above identifications that 

(3) U(/p(/i)nZp(n k ))nn+ = Up(/i). 

Let gr(/p(/i) fl -Zp(n^)) be the homogeneous ideal of S'(n lk ~) p spanned by the highest 

components of all elements in I p (fj) H Z p (n^). From (3) it follows that the zero 

locus of gr(/p(/i) fl Z p (n^ )) in coincides with K(V p (fj J )), the associated cone to 
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Vp(fi); see [16, II, 4.2]. Since I p (/i) fl Z p (n k ) is contained in Ann^ p all elements of 
gr(/ p (/i)nZ p (n k )) annihilate gr G grL p (//). Then gr(/ p (X)nZ p (n k )) C a p nS(n k ), 
which yields 

(4) V L p (/i) = V(a p n S(n k )) n n+ C K(V p (jm)). 

3.5. Given x G g k denote by k (x) the adjoint G k -orbit containing x. For 1 < i < t 
set ti = ti® 1. By our conventions in (2.5) we have that e = and dim k O k (e) = 
2d(e). By well-known results of Spaltenstein and Steinberg, all irreducible components 
of the quasiaffine variety O k (ei) fin k have dimension equal to (dim k (ej))/2; see [14, 
10.6] for example. 

Theorem 3.1. Under the above assumptions on A the variety V p {ji) contains an 
irreducible component of maximal dimension which coincides with the Zariski closure 
of an irreducible component of k (e) fl n k . 

Proof. Given a nonempty locally closed subset Z of the affine space $j k we denote by 
dim k Z the maximal dimension of the irreducible components of Z. It is well-known 
that dim k V^(/i) = dim k K(Vp(/i)); see [16, II, 4.2]. In conjunction with (4) and (2) 
this gives dim k Vp(n) > d(e). 

(a) Let X be an arbitrary component of maximal dimension of V p (fi). Since n k = 
Ui<i<< Ok(ei) H n k , there exist j G {l,...,t} and an irreducible component C of 
Ok(ej) H n k such that C fl X is Zariski dense in X. Then ICC, implying 

(5) dim k O k (e i ) = 2 dim k C > 2 dim k X = 2 dim k Vp(/x) > 2d(e) = dim k O k (e). 

Choose x G X fl Ofc(e,,) and set £ := (x, • ). Since x G Vp(/z), the L^(g k )-module £ p (/-0 
is nonzero; see Lemma 3.1. By the Kac-Weisfeiler conjecture proved in [17], we have 

p (dimk0k( ^ ))/2 | dim k Lj(/i), 

whilst Lemma 3.2 says that dim k L«(/i) < Dp d ^ for some D < p. This enables us to 
deduce that dim k O k (e.,) < 2d(e). In conjunction with (5) this implies that C = X 
and dim k X = dim k V p (n) = d(e) (one should keep in mind that C is irreducible). 

If y G k (e,) and A G k x , then \y G O k (ej). From this it follows that the Zariski 
closure of k (<3j) fln k is a conical variety. But then so is C, forcing K(X) = X. Thus, 
all irreducible components of maximal dimension of V p (fi) are conical. 

(b) Let Xi, . . . ,X C be the <i(e)-dimensional irreducible components of V p (fj,). Then 
V p (fj J ) = Xi U . . . U X c U Y, where Y is a closed subset of V p (fj) with dim k Y < d(e). 
It follows from [16, II, 4.2] and part (a) of this proof that 

K(V p (n)) = XiU...UX c UK(F), dim k K(F) < d(e). 

In view of (2) and (4) this shows that every irreducible component of maximal di- 
mension of VgL p (fi) is of the form Xi for some i < c. 

(c) Now suppose that the component X = C from part (a) of this proof is also an 
irreducible component of V L p (/i). Such a component exists by our discussion in 
part (b). Recall from (2.4) the set {tpi \ i G /} C gr 3 fl S(qa) an d put ^ := ^ ® 1 G 
S(g k ). Since ipi G Ann 5(£u ) gr L A (fi), we have ^ G Ann S ( Sk) (L A <g> A k) = dp- Hence 

(6) V d LM C riieiV^i). 

10 



Let denote the A-span of the ^'s in S(qa), and ty k the k-span of the i/Vs in 
S(0k). By our choices in (2.4), the A-module ^ a is stable under the adjoint action of 
the hyperalgebra U%. From this it follows that the subspace ^\ C S(q^) is invariant 
under the adjoint action of the algebraic group G\. 

Recall that C is a component of Ok(e,-) fin^ and dim k O k (ej) = 2d(e) = 2d(e k ). By 
our assumptions in (2.5), dim c 0(ej) = 2d(e), whilst (6) shows that the ^'s vanish on 
C. Since ^\ = spanj-?/^ | i G /} is G^-stable, all ipi vanish on (AdGt) ■ C. Therefore, 
4>i{ej) = for all i £ I. But then V'i( e j) = f° r all i G / forcing 0(ej) C O(efc); 
see (2.5). Comparing dimensions now yields 0(ej) = G(efc), hence Ok(ej) = Ok(efc). 
Thus, X contains a component of Ok(efc) H n k , completing the proof. □ 

3.6. Recall that the group Gt acts on £/(flk) as algebra automorphisms (this action 
extends the adjoint action of on g k ). It is well-known (and easily seen) that for 
every ijSg^ and g 6 G k we have g(I v ) = I g . v , where g -rj — (Ad* g)r). Thus, g induces 
an algebra isomorphism U v (Qt) ^> U g . v (Qt)- We set x — (e, • )■ 

Corollary 3.1. Under the above assumptions on A, there exists a positive integer 
D = D(fi) such that: 

(i) D < p for all p G ir(A); 

(ii) for every p G n(A) the reduced enveloping algebra ^(flk) has a simple module 
of dimension kp d ^ e \ where k < D. 

Proof. It follows from Theorem 3.1 that ^p(/-0 f° r some g G G^. Combining our 

earlier remark with Lemmas 3.1 and 3.2 we see that U^iQk) has a nonzero module of 
dimension < Dp d ^ e \ call it E. Since D < p, the Kac-Weisfeiler conjecture (confirmed 
in [17]) shows that each composition factor L of the k -module E has dimension kp d ^ 
for some k = k(L) < D. □ 

4. Non-restricted representations and finite W-algebras 

4.1. Let e G flz be as before, and choose f,hEgq such that (e, h, f) is an 5[ 2 -triple 
in 0q. Let g(i) — {x G | [h, x] — ix}, a subspace of defined over Q. Note that 
e G g(2), / G £j(— 2), and g = © ieZ Q(i)- We define a skew-symmetric bilinear form 
( • , • ) on g(— 1) by setting (x, y) := (e, [x, y]) for all x, y G q(— 2). By the s^-theory, 
this skew-symmetric form is nondegenerate; hence dimg(— 1) = 2s for some s G Z+. 
There is a basis B = {z[, . . . , z' s , z±, . . . , z s } of g(— 1) contained in qq and such that 

(z'i, zj) = 8ij, (zi, Zj) = (z'i, z'j) = (l<i,j < s). 

Given an admissible subring A of Q we set Qa (i) '■= 9a H a finitely generated, 

torsion- free A-module. We shall assume, in addition, that qa = ©i e z 8A(i), that 

each 0a(«) is « freely generated over A by a basis of the vector space g(i), and that B 

is a free basis of the A-module Qa(— 1)- It is straightforward to see that admissible 

subalgebras A satisfying these conditions exist. 

Let fj(— 1)° denote the C-span of z[, . . . , z' s and put m := g(— l)°©X!i<-2 SW- Note 

that m is a nilpotent Lie subalgebra of dimension d(e) in q and x vanishes on the 

derived subalgebra of m; see [18] for more detail. Put := Qa H m. It follows from 

the above assumptions that vcva is a free A-module and a direct summand of Qa- More 

precisely, m A = 0A(-l)°©Ei<- 2 JU(i) where A (-1)° = funfl(-l) = Az[®- ■ -®Az' s . 
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Let g e denote the centralizer of e in g. Clearly, g e coincides with the stabiliser 
l x = {x G Q | x{[ x ,d\) = 0}. By the sl 2 -theory, the map ade: g Q (i) -> Q Q (i + 2) is 
surjective for all i > and g e = @ i>0 3 x (i) where l x {i) = 3 X H Enlarging A 

if need be we shall assume that Qa{^ + 2) = [e, 0a(*)] f or °^ * — 0- Then there is a 
basis xi, . . . , x r , x r+ i, . . . , x m of the free A-module © i>0 0a(z) such that Xi G 0a (^i) 
for some G Z + , where 1 < i < m, and free basis of the A- module 

Qa H 3 X ! see t-*-^' 4.2 & 4.3] for more detail. 

4.2. Let C x = Cl x be a 1-dimensional m-module such that x ■ l x = x( ;r )lx f° rm an 
re G m, and A x = Al x . Given (a, b) G Z™ x Z^_ we denote by x a z h the monomial 
X? ■ ■■^z b 1 1 ■ ■■z b / in U(g). Set Q x := U(g) ® u{m ) C x and Q X , A := C/( 0A ) A x . 
From our discussion in (4.1) it follows that Q X) a is an A-lattice in Q x with free basis 
consisting of all x 1 z^ <S> l x with (i,j) G Z™ x Z s + . Moreover, Q Xt A is invariant under 
the action of g A . Given (a, b) G Z™ x Z b + we set 

m s 

|(a,b)| e := ^ ai (ni + 2) + b i- 

i=l i=l 

According to [18, Theorem 4.6], the algebra H x : = (End Q x ) op is generated over C 
by endomorphisms 6i, . . . , 6 r such that 

(7) 9 fe (l x ) = (x k + A f J xV ) ® ^ 1 < k < r, 

0<|(i,j)| e <ri fc +2 

where Afj G Q and X k ■ = if either |(i, j)| e = n k + 2 and |i| + |j| = 1 or i ^ 0, j = 0, 
and i\ = for / > r. 

The monomials 0^ • • • G* r with (ii, . . . , i r ) G Z^ form a PBW basis of the vector 
space H x . The monomial G^ 1 • • • G* r is said to have Kazhdan degree X^[=i a A n i + 2). 
For k G Z + we let H k denote the C-span of all monomials Q^ 1 • • • Q* r of Kazhdan 
degree < k. Then {H^)k>o is an increasing filtration of the algebra H x , called the 
Kazhdan filtration of H x . The corresponding graded algebra grf/ x is a polynomial 
algebra in gr Q 1 , . . . , gr G r . It is immediate from [18, 4.5] that there exist polynomials 
Fij G Q[Xi, . . . , X r ], where 1 < % < j < r, such that 

(8) [Si, Qj] = ^(Gx, . . . , 6 r ) (1 < % < j < r). 
Moreover, if [x^ xj] = J2l=i a ij x k in 3x> tnen 

r 

Fij(®l, G r ) = J2 a ii e * + <ld®l,---,®r) (modtf^) 

k=l 

where the initial form of G Q[Xi, . . . , X r ] has total degree > 2 whenever g^- 7^ 0. 

Lemma 4.1. T/ie algebra H x is generated by Gi, . . . , G r subject to the relations (8). 

Proof. Let I be the two-sided ideal of the free associative algebra C(X 1; . . . , X r ) gener- 
ated by all [Xi, Xjj-FijiXt, ...,X r ) with 1 < % < j < r. Let H x := C(X U X r )/I, 
and let Gj be the image of X, in H x . There is a natural algebra epimorphism H x H x 
sending G, to Gj for all i; we call it ip. For k G Z + let H k denote the C-span of all 

products Qj 1 ■ ■ ■ Qj t with (nj 1 + 2) + • • • + (nj l + 2) < k. Let H' x denote the C-span 
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of all monomials 0" • • • 0* r with . . . , i r ) G Z r + . Taking into account the relations 
(8) and arguing by upward induction on k and downward induction on I, the number 
of factors in 0^ • • • J( G H x , one observes that H x = H' x . Since the monomials 
&i ■ ■ ■ 0* r with (ii, . . . , i r ) G are linearly independent in H x , this implies that ip 
is injective. But then H x = H x , and our proof is complete. □ 

Enlarging A if necessary we shall assume that all Ay in (7) and all coefficients of 
the polynomials Fij in (8) are in A. 

4.3. Let H XiA denote the A-span of all monomials 0^ • • • 0* r with . . . , i r ) G Z+. 
Our assumptions on A in (4.2) show that H X) a is an A-subalgebra of H x contained 
in (End 0A Q x ,a)° p - We set m k := tru <8U k and Q Xik := £/(g k ) (g)^) k x where 
k x = A x ®a k = kl x . It follows from our assumptions in (4.1) that xi,...,x r 
form a basis of the stabiliser i x of x in Q k and that m k is a nilpotent subalgebra of 
dimension d(e) in g k . Also, kl x is a 1-dimensional m k -module with the property that 
x(l x ) = x(x)l x for all x G m k . Let I x be the two-sided ideal of U(g k ) generated by 
all x p — rr^ — x(a;) p l with x G g k , and set := Q x , k / I x Q x , k , a Sk-module with 
p-character x- Each k -endomorphism 0j <g) 1 of Q x ,k = Qx,^ k preserves the 
submodule I x Q X:k , hence induces a g k -endomorphism of Q^; call it 9i. We denote by 
iftf' the associative k-algebra (End 0k Q^)° P . 

Note that the 0^-module Q x ,a is isomorphic to U(qa)/U(qa)^x,a, where n Xi A is 
the A-span in U(qa) of all x — x( x ) with x G m^. It follows that i? XiJ 4 identifies 
with an A-subalgebra of (U(QA)/U(QA)nx,Ay dmA ■ According to [18, 2.3] we have 
that H% ] = (U x (Q k ) /U x (g k )n X:k ) admk where n Xjk = n X:A ® A k. 

Proposition 4.1. The following are true: 

(i) Qf = U x (Q k ) <S>u x (mt) k x as Q k -modules; 

(ii) is a projective generator for U x (g k ) and U x (g k ) = Mat p d( e ) (H^) ; 

(iii) the monomials ■ ■ ■ with < i& < p — 1 /orm a k-fraszs of H^. 

Proof. Let l x denote the image of l x in ■ By the universality property of in- 
duced modules, there is a surjective homomorphism a: Q Xtk = U(Q k ) ^)u(mt) k x ~^ 
U x (Q k ) ®Ux(mt) ^x- Since I x Q Xjk C kera, it gives rise to an epimorphism a: Q^' -» 
U x (g k ) <2>Ux(mk) ^x- On the other hand, the L r x (g k )-module is generated by its 
1-dimensional L r x (m k )-submodule kl x = k x . The universality property of induced 

C/ x (0 k )-modules now yields that there is a surjection (3: U x (g k ) ®u x (mt) ^x ~* Q^- 
Comparing dimensions shows that a is an isomorphism, proving (i). As m k D 3 X = 
by our assumptions in (4.1), m k is a x-admissible subalgebra of dimension d(e) in Q k ; 
see [18, 2.3 & 2.6]. Now (ii) and (iii) follow from [18, Theorems 2.3 & 3.4]. □ 

4.4. As dim 0(2) = dimg(— 1) for all % and r = dimg(O) + 2s by the s^-theory, we 
have that dim 0j<_ 2 s(0 — m — r and d(e) = m — r + s. Set 

x = f Zi if 1 < i < s, 

\ x r _ s+ i if s + 1 < i < m — r + s, 
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and let X { denote the image of X,- L in g k = g A ®a k. Since H xA C (End 0A Q X: a)° p , 
we can regard Q Xt A as a right H x ^-module, whilst from the definition of it is 

clear that Q x is a rig ht ^ -module. Proposition 4.1 shows that these two module 
structures are compatible, that is the latter can be obtained obtained from the former 
by reducing Q X) a modulo p and then by passing from Q Xi t to its quotient . 

Given k > we let Q x A denote the A-submodule of Q x , a spanned by all x 1 z J <8> l x 
with |(i,j)| e < k. For a G Z+ (e) we define X a := • • • XjJ' <g> l x and X a : = 
X" 1 • • ■ <g> l x , elements of Q Xi a and Q x ', respectively. 

Lemma 4.2. T/ie ng/i£ modules Q Xt A and are free over H x a and respec- 
tively. More precisely, 

(i) the set {X a ®l x | aeZf} is a free basis of the H Xt A-niodule Q x ,a; 

(ii) the set {X a ® l x | < <2j < p — 1} is a /ree fraszs o/ £/ie -module Q^. 

Proof. For a G Z+ set G a := 0" 1 ■ • • 0" r . Using (7) and induction on the Kazhdan 
degree k = J2l=i a A n i + 2) of a it is easy to observe that 

a (l x ) = ■ ■ ■ x a / <g> l x + 7ij x l J ® lx ( m °d Q k x ~ l ) 

|(lj)| e =fc, |i|+|j|>|a| 

for some 7y G A; cf. [18. p. 27]. Using this relation and arguing by double induction 
on |(i, j)| e and |i| + |j| (upward on |(i, j)| e and downward on |i| + |j|) one observes that 
every x l z*®\ x belongs to the A-submodule of Q x ,a spanned by the vectors X a b (l x ) 
with a G and b G Z r + . Since the latter vectors are linearly independent in H x in 
view of [21, pp. 52, 53], statement (i) follows. Statement (ii) is proved similarly; see 
[18, 3.4] for more detail. □ 

4.5. Let {ui | i G /} be the finite generating set of the primitive ideal 3 discussed in 
(2.4). Recall that u { G U(q a ) for all i G / and the A-span of the u^s is invariant 
under the adjoint action of Qa on U(qa)- For % G / we denote by Ui the image of Ui 
in U(Qk) = U(qa) %t By construction, the k-span of the u^s is invariant under the 
adjoint action of g k on £/(g k ). Let y? x : U(q a ) -» Q x ,a = U(Q A )/U(Q A )n Xj a denote 
the canonical homomorphism, and <p x the induced epimorphism from U x ($k) onto 
Qj? 1 ; see (4.3) for more detail. It follows from Lemma 4.2(i) that there exists a finite 
subset C of Tiff 1 such that 

(9) <p x ( Ui ) = X °^c(l x ) (ho e H X , A , i G /). 

cec 

It follows from Proposition 4.1 (hi) that the k-algebra is a homomorphic image of 

the k-algebra i? x ,k '■= H XjA ®a k. Let hi jC denote the image of /ij )C <g) 1 in Then 
it follows from (9) that 

(10) <p x (ui) = J2 x c hc(h) (Vie/). 

cec 
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Let c := max ceC |c|. We now impose our final assumption on A: we assume that c! 
is invertible in A. This assumption ensures that the components of all tuples in C 
are smaller that any prime in it {A). 

Proposition 4.2. Under the above assumption on A, for every p G ir(A) there exists 
a positive integer k = k(p) < D = D(p) such that the associative algebra has an 
irreducible k-dimensional representation p with the property that p{hi, c ) = for all 
c G C and all i G I. 

Proof. Let p G tt(A) and k = F p . By Lemma 3.2, Theorem 3.1 and Corollary 3.1, 
there exists g G Gk such that any composition factor V of the gt-module Lp"*(/i) 
has dimension kp d ^ for some k = k(V) < D. Since Ui G Ann^^) L A {p) for all 
i 6 I, the elements ui G U(q\) annihilate L p (p) = La(p>) ®a k. Consequently, 
all Ui annihilate L 9 p *(p) = L p (fi)/I g . x L p (fi), and hence V. Let V = {y 1 \ v G V} 
be another copy of the vector space V. We give V a g k -module structure by set- 
ting x.v' := ((Adg^x.v )' for all x G Qt and all v' G V. Since all elements 
((Adg)x) p — ((Adg)x)^ — x{ x ) p ^ annihilate V, the k -module V has p-character 
X- By construction, all elements (Ad g)ui annihilate V . 

Recall that the Z-span of {ui \ % G /} is invariant under the adjoint action of the 
hyperalgebra Uz on U(g%)] see (2.4). This implies that the k-span of the u^s is 
invariant under the adjoint action of G\ on U(q^). In conjunction with our preceding 
remark this implies that Ui G Annu( gk ) V for all i G /. Let 

Vq = {v' G V | x.v' = x( x W for all x ^ m k }, 

the subspace of mk-Whittaker vectors in V'. Since = (L^(0k)/L^(0ik)n Xi k) admik , 

the algebra acts on V^'. Since is a x-admissible subalgebra of dimension 
d(e) in g k , it follows from [18, Theorem 2.4] that V ' is an irreducible fc-dimensional 
ifjjT'-module. We denote by p the corresponding representation of 

Let v[, . . . , v' k be a basis of V ' and V" := <8>„b] Vq, a flt-module with ^character 

X- It follows from Lemma 4.2(h) that the vectors X a <g> i/- with < a, < p — 1 and 
1 < J < & form a basis of V" over k. Since V is irreducible, there is a gt-module 
epimorphism r: V" -» V sending v' <S> 1 to i>' for all t>' G V^'. Since dim^ V = 
comparing dimensions yields that r is an isomorphism. Let p denote the 
representation of U x (g^) in Endt V". As the left ideal U x {Q^)n Xt \ of U x (q\) annihilates 
the subspace V ' <8> 1 of V", it follows from (10) that 

= piu^iy' ®l) = p(<p x (Ui))(v' ® 1) = Yl X C ®p(hc)W) 

cec 

for all v' G Vq. As the nonzero vectors of the form X c ® pihi, c ){v') with i/ fixed 
are linearly independent in V" by our final assumption on A, we now derive that 
p(hi, c ) = for all c G C and all i £ I. This completes the proof. □ 

4.6. Since H x ,a is a free A-module with basis {O 1 1 i G Z + } there exist polynomials 
H i c G A[X 1? . . . , X r ] such that h iiC = iJ ijC (©i, . . . , © r ) for all c G C and all % G 
J. Let 3h denote the two-sided ideal of H x generated by the face's. In view of 
(8) and Lemma 4.1, the algebra H x /3h is isomorphic to the quotient of the free 
associative algebra C{Xi,...,X r ) by its two-sided ideal generated by all elements 
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[X h Xj] — F ij (X 1 , . . . , X r ) with 1 < i < j < r and all elements H c j(X 1 , . . . , X r ) with 
cgC and I G /. Given a natural number /c we let y& denote the set of all r-tuples 
(Mi, . . . , M r ) G Mat fc (C) r satisfying the relations 

[Mi, Mj] — F ij (M 1 , . . . , M r ) = (l<i<j<r) 

H c , l (M 1 ,...,M r ) = (ceC, lei) 

(for F G C[X 1; . . . , X r ], all monomials of F(Mi, . . . , M r ) are understood to be taken 
with respect to the matrix product in Matfe(C)). The above discussion shows that y& 
is the variety of all matrix representations of degree k of the algebra H X /3 H . 

We regard y fe as a Zariski closed subset of A rfc (C). More precisely, denote by J k 
the ideal of the polynomial algebra P := C [x^ | 1 < a, b < k, 1 < c < r] generated 
by the matrix coefficients of all [M;, Mj] - F ij (M 1 , M r ) and H cJ (M 1 , . . . , M r ), 

where M c is the generic matrix {^) 1<ab<k £ Matfc(P) and 1 < c < r. Then V fc is 
nothing but the zero locus of in SpecmP = A rfc2 (C). 

Set P z := Z [x^l | 1 < a, b < k, 1 < c < r]. As all F^ and P Cji are in A[X 1? . . . , X r ], 
the ideal is generated by a finite set of polynomials in Pa '■= P-l®%A, say fi, . . . , fn. 
Given p G 7r(A) and g G Pa we write p g for the image of g G Pa in Pa <S>a F p , and we 
denote by y fe (F p ) the zero locus of p f u . . . , p f R in A rfc2 (F p ). 

Proposition 4.3. T/ie algebra H x /3h /jas an irreducible representation of dimension 
at most D = D(fi) . 

Proof. In view of the above discussion it suffices to show that for some k < D the 
variety ^ has a point with coefficients in Q, the algebraic closure of Q in C. Suppose 
this is not the case. Then g[f 1 + • • • + g' R fn = 1 for some g[, . . . , g' R G Pa ®a Q- Let 
K C C be a finite Galois extension of Q containing all coefficients of g[, . . . , g' R , and 
let A be the ring of algebraic integers of K. Rescaling g[, . . . , g' R we find g ly . . . ,g R G 
Pa := Pz ®z A and a nonzero h G Z such that gi/i + • • • + to/i? = n. 

It is well-known that A is a Dedekind ring and the map Spec A — ■> Spec Z induced 
by inclusion Z <^-> A is surjective. For each p G Tt(A) we choose G Spec A such that 

fl Z = pZ and denote by the composite 

Pa -» Pa/^Pv ^ F p [a$ I 1 < a, & < A;, 1 < c < r] = P A ® A ¥ p . 
Since 0(/i) = p fi for all 2 by our choice of ^3, we have that 

0(^l)- P /l + --- + 0(to)-7 R = 0(n). 

Since 0(n) is nothing but the image of h in F p , this implies that ^fc(F p ) = for all 
k < D and almost all p G vr(A). On the other hand, it follows from Proposition 4.2 
and the preceding discussion in (4.5) that that there is a positive integer / < D such 
that ^i(Fp) 7^ for infinitely many p G vr(A). Since n has only finitely many prime 
divisors, we reach a contradiction thereby completing the proof. □ 

4.7. We are now ready to prove the main results of this note. 

Theorem 4.1. Let 3 be a primitive ideal ofU(g) with rational infinitesimal character 
and with VA(3) = O x . Then 3 = Ann l /( )(<5 X ®h x V) for some finite dimensional 
irreducible H x -module V . 
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Proof. By Proposition 4.3, the algebra H X /3 H has a finite- dimensional irreducible 
module, say V. We write p for the corresponding representation of H x in End V 
and set V := Q x ®h x V- Denote by p the representation of U(g) in EndV^ and set 
J := Ann[/( )(Q X ®h x V). Skryabin's theorem [21] implies that V is an irreducible 
g-module, whilst [20, Theorem 3.1(h)] says that VA(3) = O x . In view of (9), 

p( Ui )(l®v) = p(<p x (ui))(l ® v) = X c ® p{hi, c ){v) 

cec* 

for all i G / and all v G V . Since J# C ker p, all operators p{ui) annihilate the 
subspace 1 (g) V of V. Since V is generated by 1 <E> V as a g-module and the C-span of 
the Uj's is invariant under the adjoint action of g on U(g), it must be that Ui G kerp 
for all i E I. Since the tij's generate the ideal U, we obtain J C J. Since the primitive 
ideals J and J share the same associated variety, [3, Corollar 3.6] implies that J = J, 
finishing the proof. □ 

By the main result of [7] the algebra H x is isomorphic to the finite W^-algebra 
W &n (g, e). Recall that W Rn (g, e) is a BRST quantisation of the Poisson algebra gr H x , 
and it is also isomorphic to the Zhu algebra of the vertex (affine) Vy-algebra associated 
with g and e; see [8, 7, 11, 18] for more detail. Vertex W^-algebras and their Zhu 
algebras arise in quantum field theory and are studied extensively in mathematical 
physics. 

Corollary 4.1. All finite W -algebras W &n (g,e) possess finite dimensional represen- 
tations. 

Proof. (1) Let X\ denote the set of all primitive ideals of U(g) with infinitesimal 
character A G ()*. In order to prove the corollary we need to find a rational infini- 
tesimal character p e f)* and a primitive ideal J G such that VA(3) = O x . Since 
W &n (g, e) = H x as algebras, our statement then will follow from Theorem 4.1. Let 
W — (s a | a G $ + ) be the Weyl group of 0. Given A G f)* we set $^ := {a G 
$ + | A(/i a ) G Z} and denote by W\ the subgroup of W consisting of all w G W such 
that w A — A is a sum of roots. The subgroup Wa is often referred to as the integral 
Weyl group of A; it is generated by all reflections s a with a G see [13, 2.5] for 
example. Recall that AG f)* is called regular if X(h a ) ^ for all a G $. 

We shall rely on well-known results of Barbasch-Vogan [1, 2]. It follows from 
[2, Thm 4.5 and Cor. 4.4] that there exists p! G [)* such that p! + p regular and 
Wl(Ann{7( g ) = O x ; see /oc. cit. and [14, 9.12]. In order to finish the proof we 

need to find a rational p" G I)* such that p" + p is regular and = W^. Then 
VA(Aim u{s) L{w{p" + p)- p )) = X for some w G W, because the collections of 
associated varieties attached to and X M » coincide setwise; see [BV2, Thm 1.1]. It 
is probably known that such a p" exists, but we could not find a reference and shall 
include a brief proof for completeness: 

(2) Let \)q be the Q-span of II in ()*. This is a vector space over Q with basis 
Wi, . . . , rz>£, where Wi(h aj ) = 5ij for 1 < i, j < t. Since there exist p, G f)Q such that 
p{h a ) (jL Z for all a G $ + , we may assume that ^ {1}. Then = {fli, . . . , /5m} 
is a nonempty set. For 1 < i < M set r\ := p'ih^). All r^'s are integers and the 
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non-homogeneous system of linear equations 



xiw^hpj H hw(/i ft ) = r\ 

(11) \ \ \ 

X\Wi(hp M ) H hi^(^ M ) = r M 

is consistent. Since all coefficients of the system are rationals, fjjj contains a basis 
of the solution space to the corresponding homogeneous system, say fj,i, . . . , fj, q . As 
Ti G Z for all i, we can also find /i G F)q such that any solution to (11) has the form 

A*o + S/iA*i H h VqHq for some y 1; . . . , y q G C. 

Let -Eq and E^ denote the spans of Hi, . . . , fi q over Q and R, respectively. If 
£q = 0, then // = /i G fj^ and we are done. So assume Eq 7^ 0. Write $ + \ $+, = 
{/3iv_M+i, • • • , M- For N — M < i < N define ^ G (-Er)* by setting Vi (v) = v(h Pi ) 
for all v G E R . For N — M < i < N and a G Q set if* (a) := {i/G£r Vi(v) = a}, 
and define 

^ : = Uf=jv-M+iU„ e z Hii-fioih^+n). 
If f j = for some i > N — M, then (/i +^)(/i/3 i ) = /AfysJ ^ ^ fo r a ^ ^ e ^Rj implying 
that Hii^—fiQ^hfc) +n) = for all JieZ. Hence each nonempty /^(fyaj +n) is an 
affine hyperplane in the Euclidean space E R . From this it follows that the set E^\Q is 
nonempty and open in the Euclidean topology of As the subset Eq of Er is dense 
in the Euclidean topology of Er, there exists u G -Eq such that t>i(fo) ^ — A*o(^/3 f ) + Z 
for A - M < i < A. 

Now put /i" := + Uq. Then //' G P)q, by our earlier remarks in the proof, and 
//'(/igj ^ Z for all i > N — M. Because //' is a solution to (11), we also have that 
H"{hfr) = v'{h Pi ) for 1 < i < A - M. This yields $+ = $+ forcing W u > = W>. 
Since // + p is regular, so is //' + p. This completes the proof. □ 
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